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Abstract 
Let G be a graph and v C V(G). Let Nk(v)= {ulu C V(G) and d(u, v)= k}. It is proved that 
if G is a connected graph with oo>9(G)~>4 and with even order and if, for each vertex v 
in V(G), ~(G[N2(v)])<~d(v)- 1, then G is regular and rd(v)/4]-extendable. A l results in this 
paper are sharp. (~) 1999 Elsevier Science B.V. All rights reserved 
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All graphs considered are finite, undirected and simple. 
Let n be a positive integer and G be a graph with v>~2n + 2. G is said to be 
n-extendable if G has n independent edges and any n independent edges of  G are 
contained in a perfect matching of  G. 
Let G be a graph and vE V(G). Let Nk(v)= {u[uC V(G) and d(u,v)=k}. Let 
SC_ V(G) and H be a subgraph of G. Then we use the notation Ns(v)=N(v)NS 
and NH(v)=N(v)N V(H). And ds(v)= INs(v)[ and dH(V)= [NH(v)[. Let x be a real 
number. We denote by r x] the least integer m such that m>>,x and by Ix] the largest 
integer m such that m ~x. 
For the terminology and notation not defined in this paper, the reader is referred 
to [3]. 
The concept of n-extendable graphs was introduced by Plummer [7]. Since then, a 
lot of work on this topic has been done (for example, see [1,4,6-9]). For the advances 
in this topic, the reader could be referred to [9]. 
Plummer [7, 8] and Lou [4, 6] gave some sufficient conditions for n-extendable graphs. 
Aldred et al. [1] showed that symmetric graphs with large girth are n-extendable. In 
the light of  this result, we give a sufficient condition for n-extendable graphs which 
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requires some sort of  symmetry and girth at least 4. Lou [5] proved that under the 
above condition a graph is also hamiltonian. 
In the following, we shall give the main results of  this paper. 
Theorem 1. Let G be a connected graph with cx~>g(G)~>4 and with even order. 
If, for  each vertex v in V(G),~(G[N2(v)])<~d(v)-  1, then G is regular and G is 
[d(v)/4] -extendable. 
Proof. Let G be a graph satisfying the hypotheses of  this theorem. First, we have two 
claims. 
Claim 1. G & regular. 
Suppose G is not regular. Then there are two adjacent vertices u and v in G with 
d(u)>d(v) .  Since 9/>4, N(u) \{v}  C_N2(v) and N(u) \{v}  is an independent set with 
IN(u)\{v}l ~>d(v), contradicting the hypothesis. The proof of  Claim 1 is complete. 
Claim 2. The diameter of  G & 2. 
Suppose, to the contrary, there are two vertices u and v in G such that d(u, v) = 3. Let 
uwxv be a path from u to v in G. Then (N(u) \{w})U {v} C_N2(w) is an independent 
set as 9 ~>4 and d(u, v) = 3. And [(N(u)\ {w} ) U {v}[ = d(u) - 1 + 1 = d(u) = d(w) by 
Claim 1, contradicting the hypothesis. The proof of  Claim 2 is complete. 
Let d(v)=k for all vE V(G). Suppose G is not [k/4]-extendable. Then there are 
[k/4] independent edges ei = uivi (i = 1, 2 . . . . .  [k/4] ) such that G' = G - {ui, vi[ i = 1,2, 
. . . .  [k/4]} has no perfect matching. By Tutte's Theorem, there is a set S 'C  V(G t) 
such that o(G' - S') > IS'l. By parity, o(G' - S')  ~> IS'l + 2. Let S = S' U {ui, vi ] i = 1,2, 
. . . .  rk/4] }. Then o(G - S) = o(G' - S')>~ IS'l + 2 = ISI - 2[k/41 + 2. So we have 
ISI - o(G - S)<~2[k/4] - 2. (i) 
Claim 3. G-  S has at most k components. 
Let x be a vertex in a component of  G - S. By Claim 2, the vertices of the other 
components are in Nz(x). By the hypothesis of  this theorem, Claim 3 follows as any 
two vertices in two different components are independent. Now we have two cases to 
study. 
Case 1. G-  S has an even component C. 
Case (1.1): [V(C)[ =2.  
Assume G-  S has t odd components Cl, C2 . . . . .  Ct. Let ~i be the independence 
number of  Ci (i = 1,2 . . . . .  t). Without loss of  generality, assume ~1 ~< ~2 ~< • • • ~< ~t. Let 
uv be the only edge in C. Since 9/>4, IS[ >.[(U(u)UU(v)) \{u,v}[ = [U(u)\{v}[ + 
[U(v)\{u}l -- 2(k - 1). 
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t M Let Mi be a maximum independent set in Ci (i = 1,2 . . . . .  t). By Claim 2, M = Ui=l i 
is an independent set in N2(u). By the hypothesis, ]M t ~<k - 1. So 
t t 
o(G-S)<~k-  1 -~_~(~i -  1)=k+t -~ i -  1, 
i=1 i= l  
Is l  - o (o  - s )  
>-2(k -  1 ) -  k+t -  ~ i -1  
>-2(k -  1) - (k+t )+t~ + 1 
=k+t(~l -  1 ) -1  
>-k -1  
> 2 Vk/41 - 2 
contradicting (1). 
Case (1.2): IV(C)[ >2. 
Now ~(C)>-2. Assume that G-S  has t components such that each of their indepen- 
dence numbers is at least two. Let 0{ i ( i=  1,2 . . . . .  t) be their independence numbers. 
Without loss of generality, assume ~l ~<~2~ <' ' "  ~<~t. Let CI be the component with 
~(C1)=~l and uv be an edge in C1. Since 9>-4, N(u)A  V(C1) is an independent set 
in C1. However, ~(Cl )---~l. So u sends at least k - ~1 edges to S, so does v by the 
same reason. Since 9>-4, [S[ >-INs(u)[ + INs(v) I~>2(k-  ~l). Let t>-2. By a similar 
reason as in Case (1.1) 
t t 
o(G-  S )<,k -  ~(~i -1 ) -  l=k+t -~ i -1 ,  
i= l  i=1 
Is l  - o (G  - s )  
>- 2(k - ~l ) - [k + t - k ~g - 
>-k+(t -2 )~ l - ( t -1 )  
=k-  1 + ( t -  2)(~1 - 1) 
>-k -1  
> 2 Vk/4] - 2, 
contradicting (1). 
Now let t = 1. Then all odd components of G - S are singletons and C is an even 
component with IV(C)[ >2 in G-  S. Let q be the independence number of C and m 
be the number of odd components in G - S. Let x be a singleton component in G - S. 
Since G is k-regular and 9>-4, besides ui and vi ( i=  1,2 . . . . .  [k/4]), x is adjacent o 
at least k - [k/4] vertices in S. So [S'[ >-k - [k/4]. By Claim 2 and the hypothesis, 
q + k - [k/41 + 2 <~ q + m <~ k. Hence, q <~ Fk/4] - 2. Now, let uv be an edge in C, both 
u and v send at least k -q  edges to S. Since 9>-4, [S]>-2(k- q )>-2(k -  [k/4] +2).  
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So Is'l = Is[ - 2 rk/41 >>. 2(k - fk/4] + 2) - 2 Fk/41 >- k. Therefore, m ~> ]S'[ + 2 ~> k + 2, 
contradicting Claim 3. 
Case 2: G-  S has no even component. 
Case (2.1): G -  S has t ~> 1 components with at least 3 vertices. 
Let 7i ( i=  1,2 . . . . .  t) be the independence numbers of the odd components with 
order at least 3 in G-S .  Without loss of generality, assume that ~l ~<c¢2 ~< . . .  ~<Tt and 
C~ is the component with 7(C1 )= cq. Then, we have the following claim. 
Claim 4. [S [~>2(k -T i )+ 1. 
Since 9t>4, dc , (x )~ l  for each vertex x of Cl. Suppose uvEE(C l )  such that 
dc,(u)<dc,(v).  ISI >>- (k -dG(u) )+(k -dct (v ) )~(k -~ l  + 1)+(k -cq)  =2(k -cq)+ 1. 
Now, we assume that Cl is a regular graph and dc, (v)=-~1 for all v E V(CI ). I f  
dc~ (x )< ~l for some x E V(CI ), the above argument can also apply. Let u and v be two 
adjacent vertices in Cl. If, for any w ENc,(u), Nc, (w)=Nc,(v) ,  then Ci is Km.,n and 
hence is not an odd component, a contradiction. So there is a vertex wENc, (u)  such 
that Nct (w) ¢ Nc, (v). However, Nc, (v) is an independent set of order ~l in Cl. Then 
every vertex in Nc, (w)\Nc,(v) sends an edge to Nc,(V). As G has no triangle, there 
is a 5-cycle D=xlx2x3x4xsxl in C1 such that ds(x i )=k - ~1 ( i=  1,2,3,4,5). Since 
g~>4 and then Ns(xl)NNs(x2)=O, IS l~2(k -  cq). Suppose, IS [=2(k -  c¢1). Then 
Ns(x3 ) = Ns(Xl ), Ns(x4 ) = Ns(x2 ) and Ns(xs ) = Ns(xl ). But xlx5 E E( G). Therefore, G 
has a triangle, contradicting the hypothesis that g t> 4. Hence, ISI ~> 2(k-cq )+ 1. Claim 4 
holds. 
Case (2.1.1): t~>2. 
Now, we have o(G - S )~k  - ~'~i-1 (~i - l), 
ISl - o (G  - S )  
>~2(k-  ~ l )+ 1 - k -  t + t~l 
=k  + ( t -  2)(~1 - 1 ) -  1 
~>k-1  
> 2 fk/41 - 2 
contradicting (1). 
Case (2.1.2): G -  S has exactly one odd component C with order at least 3. 
Let q be the independence number of C and m be the number of odd components 
in G - S. Let x be a singleton component in G - S. Since G is k-regular and g >~ 4, 
besides ui and vi (i = 1,2 . . . . .  [k/4~ ), x is adjacent o at least k - Ik/4] vertices in S. So 
IS'I ~k-  Fk/4~. By Claim 2 and the hypothesis, q+k-  fk/4] + 1 ~<q- 1 +m ~<k. Hence, 
q~< fk/4] - 1. By Claim 4, [S I ~>2(k - q) + 1. So IS'I = ISI - 2fk/4] >~2(k - fk/4] + 
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1) + 1 - 2rk/4 ] =k  + (k + 3 - 4[k/4])>~k. Hence, m~lS'l + 2~>k + 2, contradicting 
Claim 3. 
Case (2.2): All components of G-  S are singletons. 
Let CI, C2 . . . . .  Cm be the components of G - S. First, we claim that there are (7,. and 
C~ such that Ns( Ci ) ~ Ns( Ci ) ( i ¢ j ). Suppose, to the contrary, that Ns( CI ) = Ns( Ci ) 
( i=  1,2 . . . . .  m). Now, every vertex w in S\Ns(CI) is adjacent o a vertex in Ns(Ci ) 
by Claim 2. Also, for each edge uv in G[S], either u or v is in Ns(C1) but not 
both. If  both u and v are in Ns(Ci ), then we have a contradiction to the hypothe- 
sis that 9~>4. If  neither u nor v is in Ns(Ci), then (N(u)UN(v))\{u,v}C_S. ince 
g~>4, ISI t> I(N(u)UN(v))\{u,v}[ + I{u,v}l = [N(u)\{v}l + IN(v)\{u}l + I{u,v}l =2k.  
So [S'] = [S[-2 I-k/4] ~> 2k-2  [k/4] ~> k and o (G-S)  ~> IS'[+2 > k, contradicting Claim 3. 
Therefore, G is a bipartite graph with bipartition (Ns(CI), V(G)\Ns(CI )). The only 
possible such graph is K~-,k. However, Kk, k is rk/4]-extendable. So there is no such 
graph, a contradiction. The claim that Ns(Ci)CNs(C/) for some i and j is proved. 
Now, [Ns(Ci)[=k. Let w be a vertex in Ns(Ci)NNs(C/). Then Ns(Ci)\{w} is 
an independent set of order k - 1 in N2(w). Let xENs(Ci)\Ns(Ci ). By Claim 2 
and the hypothesis of this theorem, x is adjacent o a vertex y in Ns(Ci), otherwise 
(Ns(Ci)\{w})U {x} is an independent set of order k in N2(w), a contradiction. So G 
has a 5-cycle xC/wCiyx. Note that w exists by Claim 2. Since N(x)nN(y)=O for 
g>~4, either [N(x)N {C,,C2 ..... Cm}[ <.m/2 or ]N(y)N {C,, C 2 . . . . .  Cm}t <~m/2. With- 
out loss of generality, assume the former is the case. Then [Ns(x)[ >~k- m/2. But 
Ns(x)nNs(Cs)=O for 9>~4. So u(G)~> ]Ns(Q )[+[Ns(x)]+[{ C,, C2 ..... Cm}[ >~k +(k-  
m/Z)+m = 2k+m/2. However, m = [S'[ +r  (r ~>2) and v = 2 rk/4] + [S'[ +m = 2 [k/4] + 
m - r + m >~ 2k + m/2. So m >~ 2(2k - 2 [k/4] + r)/3 >~ (4k - 4 [k/4] + 4)/3 = k + (k + 
4 -  4rk/4 ])/3 > k, contradicting Claim 3. This last contradiction completes the proof 
of Theorem 1. [] 
Corollary 2. Let G be a graph with even order. I f  7(G)<~(G) and g(G)>~4, then 
G is regular and G is [k/4]-extendable, where k = d(v) for v E V(G). 
Proof. Suppose ~(G)<~x(G) and v E V(G). I f  ~(G[N2(v)])>~d(v), then a maximum 
independent set S in N2(v) and v form an independent set with ISu{v}l>.d(v)+ 
1 >~ K + 1, contradicting the hypothesis that ~(G)~< K(G). Hence a graph satisfying the 
hypotheses of Corollary 2 also satisfies those of Theorem 1. The result follows. [] 
Remark 1. In the following, we construct a family of graphs to show that, under the 
hypotheses of Theorem 1 and Corollary 2, some graphs are not tk/2J-extendable, where 
k =d(v) ,  and when k = 4t (t>~ 1), the graphs are not ([k/4] + 1)-extendable. Hence 
Theorem 1 and Corollary 2 are sharp. 
Let G be a graph with V(G)=SUT. Here SAT=0,  ITl=m and I S [=k+m-r ,  
where r is a positive even number and 2 ~< m ~< k. Let T = Ti U T2 such that Ti N T2 = 0, 
[T1]=k-m+r and IT2[ =2m-k- r .  And let S=SI US2 US3 US4 such that SiNSi= 0 
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(1 ~<i<j~<4), IS~l =k/2, lS2[=k/2, 1531 =k - m and 1541 =2m - k - r. Let E (G)= 
{uvluESl and vET}U{uvluE53 and 1)ET1}U{ul)[uES4 and vET2}U{uvluESl 
and vE53}U{uvIuES2 and rE53 US4}. When 2m-k-r=k/2, i.e. when m=(3k+ 
2r)/4, G is a graph satisfying the hypotheses of Theorem 1 and Corollary 2, which is 
not [k/2J-extendable asG[S] contains [k/2J independent edges but o(G-S)= ITI=lSl- 
k + r (r~>2). Furthermore, when k=4t and r=2t (t>~l), G is not ([k/41 + 1) -  
extendab le  as o(G - S )  = ISI - k + r = ISI - 4 t  + 2t> ISI - 2 t  - 2.  
Remark 2. Although it is not easy to construct graphs satisfying the hypotheses of 
Theorem 1 and Corollary 2, Bauer et al. [2] showed that there is a large variety of 
such graphs by giving a clever construction method. 
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